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Abstract. In this paper, we extend the method in [TZhu5] to study 
^— V , the energy level L(-) of Perelman's entropy A(-) for Kahler-Ricci flow on a 

^SJ ' Fano manifold. Consequently, we first compute the supremum of A(-) in 

Kahler class 2ttci{M) under an assumption that the modified Mabuchi's 
K-energy /x(-) defined in [TZhu2] is bounded from below. Secondly, we 
give an alternative proof to the main theorem about the convergence of 



o, _^_ 

Q ■ Kahler-Ricci fiow in [TZhu3]. 
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Introduction 



In this paper, we extend the method in [TZhu5] to study the energy level 
L(-) of Perelman's entropy A(-) for Kahler-Ricci flow on an r?,- dimensional 
^ ! compact Kahler manifold (M, J) with positive first Chern class Ci(M) > 

(namely called a Fano manifold). We will show that L(-) is independent of 
O ■ choice of initial Kahler metrics in 27rci(M) under an assumption that the 

modified Mabuchi's K-energy yu(-) is bounded from below (cf. Proposition 
13.11 in Section 3). The modified Mabuchi's K-energy fi{-) is a generalization 
of Mabuchi's K-energy. It was showed in [TZhu2] that yu(-) is bounded from 
below if M admits a Kahler-Ricci soliton. 

As an application of Proposition 13. ![ we first compute the supremum of 
k> i Perelman's entropy A(-) in Kahler class 2nci{M) [Pe]. More precisely, we 

?H ' prove that 



Theorem 0.1. Suppose that the modified Mabuchi's K-energy is bounded 
from below. Then 

(0.1) snp{X{g')\ g' G ICx} = i2ny'[nV - iVx(ci(M))]. 

Here the quantity Nx{ci{M)) is a nonnegative invariance in Kx and it 
is zero iff the Futaki-invariant vanishes [Fu]. We denote JCx to be a class 
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of Xx-invariant Kahler metrics in 27rci(M), where Kx is an one-parameter 
compact subgroup of holomorphisms transformation group generated by an 
extremal holomorphic vector field X for Kahler- Ricci solitons on M [TZhu2] . 
We note that we do not need to assume an existence of Kahler- Ricci solitons 
in Theorem lO.il In fact, if we assume the existence of Kahler- Ricci solitons 
then we can use a more direct way to prove Theorem 10.11 and that the 
supremum of A(-) can be achieved in Kx (cf. Section 1). It seems that the 
supremum of A(-) can be achieved in the total space of Kahler potentials 
in 2nci{M) if M admits a Kahler- Ricci soliton. In a special case of small 
neighborhood of a Kahler-Ricci soliton the positivity has been verified by 
computing the second variation of A(-) in [TZhu4]. 

As another application of Proposition 13.11 we prove the following conver- 
gence result for Kahler-Ricci flow. 

Theorem 0.2. Let (M, J) be a compact Kahler manifold which adm,its 
a Kahler-Ricci soliton {gKs,^)- Then Kahler-Ricci flow with any initial 
Kahler metric in JCx will converge to a Kahler-Ricci soliton in C°° in the 
sense of Kahler potentials. Moreover, the convergence can be made expo- 
nentially. 

We note that that without loss of generality we may assume that a Kahler- 
Ricci soliton qks on M is corresponding to the above X (cf. [TZhul], 
[TZhu2]). Theorem 10.21 was first proved by Tian and Zhu in [TZhu3] by 
using an inequality of Moser-Trudinger type established in [CTZJj. Here we 
will modify arguments in [TZhu5] in our general case that (M, J) admits a 
Kahler-Ricci soliton to give an alternative proof of this theorem. This new 
proof does not use such an inequality of Moser-Trudinger type. Moreover, 
in particular, in case that (M, J) admits a Kahler-Einstein metric this new 
proof allows us to avoid to use a deep result recentlly proved by Chen and 
Sun in [CS] for the uniqueness of Kahler-Einsteins in the sense of orbit space 
to give a self-contained proof to the main theorem in [TZhu5]. 

The organization of paper is as follows. In Section 1, we discuss an upper 
bound of A(-) in general case-without any condition for /i(-) and show that 
the quantity {27r)~"'[nV — Nx{ci{M))] is an upper bound of A(-) in ICx (cf. 
Proposition 1.4). In Section 2, we will summarize to give some estimates 
for modified Ricci potentials of evolved Kahler metrics along Kahler-Ricci 
flow (cf. Proposition 2.3). In Section 3, we prove Proposition 3.1 and so 
do Theorem 0.1. Theorem 0.2 will be proved in Section 6. In Section 4, 
we improve our key Lemma 3.2 in Section 3 independent of time t (cf. 
Proposition 4.2). Section 5 is a discussion about an upper bound of A(-) 



^We need to add more details about how to use the Moser-Trudinger typed inequahty 
in general case. 
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in /Cy for a general holomorphic vector field Y G r]r{M). Section 7 is an 
appendix where we discuss the gradient estimate and Laplace estimate for 
the minimizers of Perelman's PF-functional along the Kahler-Ricci flow. 

1. An UPPER BOUND OF A(-) 

In this section, we first review Perelman's H^-functional for triples {g, f, r) 
on a closed m-demensional Riemannian manifold M (cf. [Pe], [TZhu5]). 
Here g is a Riemannian metric, / is a smooth function and r is a constant. 
In our situation, we will normalize volume of g by 



(1.1) / dV.^V 

J M 

and so we can fix r by |. Then the VT-functional depends only on a pair 
((?, /) and it can be reexpressed as follows: 

(1.2) W{g, f) = (27r)--/2 / [l(i?(^) + | V/H + f]e-fdV„ 

where Ri^g^ is a scalar curvature of g and (g', /) satisfies a normalization 
condition 

(1.3) / e^UVg = V. 

Jm 

Then Perelman's entropy X{g) is defined by 

Xig) = inf{W^(^,/)| (gj) satisfies dH}. 

It is well known that X{g) can be attained by some smooth function / (cf. 
[Ro]). In fact, such a / satisfies the Euler-Lagrange equation of W{g, ■), 

(1.4) Af + f + ^iR- I V/n = (2^)™/V-iA(<7). 

Following Perelman's computation in [Pe], we can deduce the first variation 
ofA(^), 

(1.5) 6Xig) = -(27r)-™/^ / < 6g, Ric((7) -g + V'f> e-^dVg, 

Jm 

where Ric(5') denotes the Ricci tensor of g and V^/ is the Hessian of /. 
Hence, g is a critical point of A(-) if and only if (7 is a gradient shrinking 
Ricci-soliton which satisfies 

(1.6) Ric{g) + VV = 9, 

where / is a minimizer of W{g,-). The following lemma was proved in 
[TZhu5] for the uniqueness of solutions (11.41) when g is a gradient shrinking 
Ricci soliton. 
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Lemma 1.1. If g satisfies ( fi.6|) for some f , then any solution of il.4\) 
is equal to f modulo a constant. Consequently, a minimizer of W{g^ ■) is 
unique if the metric g is a gradient shrinking Ricci-soliton. Conversely, if 
f is a function in / fi.6)) for g, then f satisfies ^1.4^. 



In case that (M, J) is an n-dimensional Fano manifold, for any Kahler 
metric g in 27rci(M), fll.ip is equal to 

(1.7) f dV,= f < = (27r)" / ciMr ^ V. 

Jm Jm Jm 

Moreover, fll.6p becomes an equation for Kaliler-Ricci solitons, 

Ric{ug) -ujg = Lxujg, 

where Ric{ug) is a Ricci form of g and Lx denotes the Lie derivative along a 
holomorphic vector field X on M. By the uniqueness of Kahler-Ricci solitons 
[TZhul], [TZhu2], we may assume that X lies in a reductive Lie subalgebra 
rjr{M) of ri{M) after a holomorphism transformation, where r]{M) consists 
of all holomorphic vector fields on M. Such a X ( we call it an extremal 
holomorphic vector field for Kahler-Ricci solitons ) can be determined as 
follows. 

Let Autr(M) be a connected Lie subgroup of automorphisms group of M 
generated by r]r{M). Let K he a maximal compact subgroup of Autj.(M). 
Without loss of generality, we may choose a i^-invariant background metric 
g with its Kahler form Ug in 27rci(M). In [TZhu2], as an obstruction to 
Kahler-Ricci solitons, Tian and Zhu introduced a modified Futaki-invariant 
Fx{v) for any X,v G r]{M) by 

(L8) Fx{Z) = [ Z{hg - ^x,c.Je^--«a;^^ V Z G v{M), 

where hg is a Ricci potential of g and 9x.uj is a real-valued potential of 

X associated to g defined by Lxujg = \/--^ddOx,ug with a normalization 
condition 

(1-9) I 9x,.,e^^uj'; = 0. 

Jm 

It was showed that there exists a unique X G rjr{M) such that 

Fxiv) = 0, VvG nr{M). 

Moreover, Fx{v) = 0, for any v G ri{M) if {M,J) admits a Kahler-Ricci 
soliton. 

Let Kx be an one-parameter compact subgroup of holomorphisms trans- 
formation group generated by X. We denote ICx to be a class of Kx- 
invariant Kahler metrics in 27rci(M). Let Ox,ui„ be a real- valued potential 
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of X associated to g with a normalization condition 



:i.lO) / e^--.< = / < = V. 

< M J M 



Clearly, 6x,uig = dx,ujg — cx for some constant cx which is independent of 
gelCx ■ 

Definition 1.2. For g G JCx, define Nx{cOg) by 

Nxiujg) = [ ex,^,e'^'-^uj^. 

J M 



By Jensen's inequality, it is easy to see 



-'-''" ^ ex,„„, .n 



V 



M 



< log{— / e~^^-"se^^'"9a;M = 0. 
y Jm 



The equality holds if and only if Ox^^g = 0. This shows that Nx{u}g) is 
nonnegative and it is zero if and only if the Futaki- invariant vanishes [Fu] . 
Moreover, we have 

Lemma 1.3. Nx{oOg) is independent of choice of g in /Cx- 

Proof. Choose a X-invariant Kahler form u in 27rci(M). Then for any 
Kahler metric g in JCx there exists a Kahler potential ip such that the 
imaginary part of X{ip) vanishes and Kahler form of g satisfies 

Ug = u^p = u + \/ —Iddif. 

Thus we suffice to prove 

NxM = Nx{ut^), VtG [0,1], 

where Ut^ = u + t^^^ddif. This follows from 

uc Jm Jm 

= [ X{^)e'-'-^^u^^ - [ VVVj^x,..,< 
Jm Jm 

= 0. 
Here we have used the fact 

Ox,u.,,=Ox,u., + tX{if). 

D 
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By the above lemma, Nx{-) is an invariance on JCx, which is independent 
of choice of g. For simphcity, we denote this invariance by Nx{ci{M)). 
The following proposition gives an upper bound of A(-) in /Cx related to 

Nx{ci{M)). 

Proposition 1.4. 

sup A(^) < (27r)-"[ny - Nx{ci{M))]. 

Proof. Since X{g) < W{g, — 6'x,wg), we suffice to prove 
(1.11) W{g, -Ox,.,) = (27r)-"[ny - Nx{c^{M))]. 

In fact, by using the facts R{g) = 2n + Ahg and 

f {Aex,., + \vex,.f)e'-^-^oo^ = o, 

J M 



we have 



M 



■^9 



= 2nV+ [ {Ahg - A0x,a.Je^^-«u;: 
Jm 

= 2nV- [ < V{hg - Ox,^,), V9x,., > e'^^-^oo; 

= 2nV-2 [ X{hg - ex,u.y''--^io^ 
Jm 

= 2nV -2e-'''Fx{X). 

In the last equality above, we used the relation (11. Sp . Since X is extremal , 
we have 

Fx{X) = Q. 

Thus by (II. 2p for / = —9x,uj together with Lemma [1.3[ one will get (1.11). 

D 



In case that M admits a Kahler-Ricci soliton gxs, by Lemma II. H a 
minimizer / of W{gKS, ■) in f^x must be —9x- Thus for any g G JCx, by 
Proposition 1.4, we have 

Kqks) = W{gKs, -Ox) 

= {2Ti)-'^[nV - Nx{cr{M))]> X{g). 

Therefore we get the following corollary. 
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Corollary 1.5. Suppose that {M,J) admits a Kdhler-Ricci soliton Qks- 
Then qks is a global maximizer of A(-) in Kx and 

(1.12) \{gKs) = {2Ti)-^[nV - iV^(ci(M))]. 

Remark 1.6. Corollarv M . 5\ implies that a Kdhler- Einstein metric is a global 
maximizer of A(-) in 27rci(M) even with varying complex structures and 
supremum of X{-) is {27r)-''nV since Nx{ci{M)) = 0. Note that Nx{ci{M)) > 
if the Futaki-invariant does not vanish. Thus Corollary \1.5\ also implies 
that the supremum of X{-) in case that (M, J) admits a Kdhler-Ricci soliton 
is strictly less than one in case that (M, J) admits a Kdhler-Einstein metric. 

2. Estimates for modified Ricci potentials 

In this section, we summarize some apriori estimates for modified Ricci 
potentials of evolved Kaliler metrics along Kahler-Ricci flow. Some similar 
estimates have been also discussed in [TZhu3] and [PSSW], we refer the 
readers to those two papers. We consider the following (normalized) Kahler- 
Ricci flow: 

(2.1) ^^ = -Ric(^(t, ■)) + g{t, ■), g{0) = g, 

where Kahler form of g is in 2ttci{M). It was proved in [Ca] that (12. ip has 
a global solution gt = g{t, ■) for all time t > 0. For simplicity, we denote by 
{gf, g) a solution of (12. ip with initial metric g. Since the flow preserves the 
Kahler class, we may write Kahler form of gt as 

u^ = Ug + \/^A.dd(j) 

for some Kaher potential (p = (pf 

Let X G r]r{M) be the extremal holomorphic vector field on M as in 
Section 1 and at = exp{tX} an one-parameter subgroup generated by X. 
Let (p' = (pat be corresponding Kahler potentials of ct^uj^^.. Then uj^i will 
satisfy a modified Kahler-Ricci flow, 

d 

(2.2) —u^' = -Ric{u^>) + u^' + Lxuj^>. 

Equation (12.20 is equivalent to the following Monge-Ampere flow for cp' 
(modulo a constant), 

(2.3) ^ = log ^ + 0' + ex,.,, - K, <P'{0, ■) = c, 

where c is a constant and all Kahler potentials cp' = cp'^ = (p'{t, ■) are in a 
space given by 

rx{M,uj) = {ipe C°°(M)| 00^ = co + V^ddip > 0, lm{X{ip)) = 0}. 
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By using the maximum principle to fl2.2p or (12. 3p . we get 

d 

(2.4) V - ^^,0.,, = -^</'' + ct, 

for some constants q. Here /i,^' are Ricci potentials of u^' which are nor- 
malized by 

(2.5) f eVo;^, = V. 

Jm 

The following estimates are due to G. Perelman. We refer the readers to 
[ST] for their proof. 

Lemma 2.1. There are constants c and C depending only on the initial 
metric g such that (a) diam{M,ijj^i) < C; (h) vol{Br{p),u^') > cr'^"'; (c) 
llVllcO(Af) < C; (d) ||V/i<^'||aj^, < C; (e) ||A/i0/||co(M) < C. 

Recall that the modified Mabuchi's K-energy /i(-) is defined in Vx{M,oj) 



by 



//(v?) = - T7 / '0[Ric(c<;^) -u^- V^dd9x,uj^ 
^ Jo Jm 



+ V^{h^^ - Ox,.,) A dOx,.^)] A e'^-^a;;-^ A dt, 

where "0 = "04 (0 < t < 1) is a path connecting to </? in Vx{M,u). If 
X = 0, then /x^ (0) is nothing but Mabuchi's K-eneigy [Ma]. Then by 
(12:21) . we have 

rf/i(0') _ 1 f ii^^c/)' 2 Jj,,^^ 



This implies that yu(0') is uniformly bounded if /i(-) is bounded from below 
mVx{M,u). 

Let ux,<p' = ux,uj, = h^' - Ox,uj^, ■ Then 

Lemma 2.2. There exists a uniform C such that 

||Vwx,0'IU^/ < C*- 

Proof. First we note that Ox,uj,, is uniformly bounded in Vx{M,uj) (cf. 
[Zhul], [ZZ]). Then by (c) of Lemma [2.11 we have 

||mx,(/,'||co = \\ux,ij , Wco <C, V s > 

9s 

for some uniform constant C. Now we consider the flow (12. 3p with zero as 
an initial Kahler potential and the background Kahler form Ug replaced by 
Ugi^. By an estimate in Lemma 4.3 in [CTZ], we see 

t\\^ux,u, \\l, <e^'\\ux,:.,\\co, Vt>0. 



9s 
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In particular, we get 

\\Vux,., \\l, <C\ VtG [1,2]. 

Os + t Ss + t 

Since the above estimate is independent of s, we conclude that the lemma 
is true. 

D 

Now we begin to prove the main result in this section. 

Proposition 2.3. Suppose that /i(-) is hounded from below in Vx{M,uj). 
Then we have: 

(a) limt^oo ||^^x,0'||co = 0; 

(b) limi^oo ||Vmx,0'IL^, = 0; 

(c) limi_,oo \\Aux,^'\\c" = 0. 

Proof. Let H{t) = J^\Vux,co'J'^e'^''-"'<'^uj2- Then by ([2SD, one sees that 
there exists a sequence of tj G [7,2 + !] such that 

lim H{ti) = 0. 

i—^ca 

Thus by using a differential inequality 

where C is a uniform constant (cf. [PSSW]), we get 

(2.7) ii,„£|v,«„,,|j/-.:.j=o. 



Let 



' ^h' ,n 



u, = ux,.,^--j^ux,.,e^uj^,, 



where h[ = h^i(^t^.). Then by using the weighted Poincare inequality in 
[TZhu3] together with (c) of Lemma [2. ![ we obtain from (12. 7p . 

ufe^'^ul", < / iVuxuj Al'e^'ojl', ^ 0, as t ^ 00. 

M J M * 



Consequently, we derive 

(2.8) ,'ii/„"H" 



We claim 

lim llwtllco = 0. 

The claim immediately implies (a) of Proposition 12.31 by the normalization 
conditions 

'Jt I yt 

M J M 
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To prove the claim, we need to use an inequality 

(2.9) \\urct' < C\\Vux,.Jl[[ u\ujl^^. 

* J M 

f l2.9p can be proved by using the non-collapsing estimate (b) in Lemma 2.1 
(cf. [PSSW], [Zhu2]). Thus by Lemma 2.2 and (12. Sp . the claim is proved. 

By (a) we can show that after a suitable choice of constant c in the flow 
(IXSj) it holds 

d 
t-^oo at 
In fact under the assumption of lower bound of modified i^-energy, one can 
choose such a c (cf. [TZhu3]) such that 

lim I ^(b'e'''^^'ujl = Q. 



t^oo Jj^ dt 

Then by (12.41) . we will get the conclusion. On the other hand, by Lemma 
12.21 and (d) of Lemma 2.1, we have 

sup ||X||c,/ < C 
iG[0,oo) 

for some uniform constant C. Therefore, by using the following lemma we 
prove (b) and (c). 

D 

Lemma 2.4. ([PSSW]) There exist S,K > depending only on n and 
the constant Cx = sup^gjgoo) ll-'^Hgj with the following property. For e with 
< e < (5 and any to > 0, if 



then 



i"^*/^ II /^. \ ^ 
l^llco(to)<e. 



^to+2 ^*0+2 ^tQ+2 



3. Proof of Theorem lU.ll 

According to [TZhu5], an energy level L{g) of entropy A(-) along Kahler- 
Ricci flow {gt] g) is defined by 

L{g) = lim \{gt). 

By the monotonicity of X{gt), we see that L{g) exists and it is finite. In 
this section, our goal is to prove 
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Proposition 3.1. Suppose that the modified Mabuchi's K-energy is bounded 
from below in Kx ■ Then for any g G Kx ■ 

(3.1) L{g) = (27r)-"(nF - iVx(ci(M)). 

The above proposition shows that the energy level L{g) of entropy A(-) 
does not depend on the initial Kahler metric g G ICx- Thus by using the 
Kahler-Ricci flow {gt, g) for any Kahler metric g G K,x and the monotonicity 
of X{gt), we will get Theorem lO.il 

To prove Proposition 13. H we need the following key lemma. 

Lemma 3.2. Let ft be a minimizer ofW{gt, ■)-functional associated evolved 
Kahler metric gt of (2. 1) at time t and ht a Ricci potential of gt which 
satisfying the normalization h2.5\) . Then there exists a sequence of ti G 
[z, -i + 1] such that 

(a) limt^^oo ||A(A + /iiJ||L2(M,^g,p = 0; 

(b) limi^^oo II V(^ + ht,)\\L-2(M,u.,,^) = 0; 

(c) limj^_^oo \\fh + KWco = 0. 

Proof. Lemma [3^ is a generalization of Proposition 4.4 in [TZhu5]. We will 
follow the argument there. First by f ll.Sp . it is easy to see that 



d 
di 



X{gt) = (27r)-" / |Ric(^,) - gt + V' ft\le-f^ul. 

J M 



It follows that 



|Ato))>(2.)-i^£|A(ft, + /,)Pe 



gf 



Since \{gt) < W{gt, 0) = {2tt) "-nV are uniformly bounded, we see that 
there exists a sequence of tj G [z, i + 1] such that 



hm / \A{ht^ + ftJ\'e-f^^ul=0. 



Note that ft is uniformly bounded [TZhu5]. Hence we see that that (a) of 
the lemma is true. By (a), we also get 

lim \\V{ft, + htML^iM,.,,.) 
(3.2) < hm / \ft^ + htMAift^ + ht^)\ojl 

<Chm \\A{f,^ + htMLHM,.,,.) = 0- 
This proves (b) of the lemma. It remains to prove (c). 
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Let qt = ft + ht. Then 
-/\qt = -Aft - Aht 
(3-3) _ 1_ _,„, ,,„,2„,,.-i 



ft + ^iR- |V/,n - i2ny"V-'Xigt) - Aht < C. 



Define 



' -ht, .n 



*""-vL*''^"- 



By using the weighted Poincare inequality (cf. [TZhu3]), we have 

JM JM 

It follows by (b), 

(3.4) lim / qlul_ = 0. 

Hence, following an argument in the proof of Proposition 4.4 in [TZhu5], we 
will get estimates 

(3.5) Ikt/IIco < C\\qt^\\L-2{M,uj,,^) -^0, as z -^ cx), 
and 

(3.6) lim / qt-ul_ = 0, 

where qf = max{gi,0} and q^ = min{g(,0}. Consequently, we derive 

M 

This implies 

(3.7) lim / que-f^^ul = 

according to the normalization J^ e~^^uj'^^ = f^^j- e^*Ug^ = V. 
Next we improve that 

(3.8) lim\qt^\ = 0. 

i—^oo 

Let Ut = e~^ — e~ . We claim 

(3-9) lim ||MiJ|i2(A^ ) = 0. 

In fact, by Jensen's inequality and (13. 7p . one sees 

1 f .!h. 'Ih. 1 /" ■^*»+^*» _f 

— / e 2 e 2 t^;" = — / e 2 e ■'*^a;" 



V .iM ^ Jm 



> g2VJAfw^>' H) St, ^i asi^ CX). 
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On the other hand, 



M Jm Jm 



hm / e "^e^ufl = V. 



Hence 



It follows 

lim I ulu'' =2y-2 1im f e-^-^e^ul = 0. 

This completes the proof of claim. 
Since equation fll.4p is equivalent to 

(3.10) At;, - ]^f,vt - \R{gt)vt = ^(27r)"A(^,)^<, 

where fj = e^~, by Lemma [2.H it is easy to see 

\Aut\ < C. 
Then by the standard Moser's iteration, we get from f l3.9p . 

\\Uu\\c^ < C||titJ|L2(Af,a;g,p ^0, aS ? ->CX). 

This implies f l3.8p . so we obtain (c) of the lemma. 



D 



Proof of Proposition \3.1\ Note that — ^ = n+| A/i,, where A is the Beltrima- 
Laplacian operator associated to the Riemannian metric gt- Then 

/ hR{g,) + \Vf,\')e-f^dVg, = nV + \ f AUt + ht)e-f^dVg,. 
Jm ^ ^ J M 

Thus by (a) of Lemma 13.21 one sees that there exists a sequence of time U 
such that 

(3.11) lim / \{R{9t:) + iV^He-^'^dK,,^ = nV. 

On the other hand, since the modified Mabuchi's K-energy is bounded from 
below, we see that (a) of Proposition 2.3 is true. Then by (c) of Lemma [3. 2 [ 
it follows 

(3.12) lim||^ + 0x,.^ l|co = 0. 
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Here we used a fact a^Ox^ug^ = dx,u] , since X lies in the center of riri^M) 
[TZhul]. Hence 

lim / fue'^'idVg 
(3.13) '^""^'^ 

= -lim / ex,.,,e''--^^^ul =-Nx{ci{M)). 

By combining fl3.1ip and (13.131) . we get 

lim X{g,J = lim / [l{R{gu) + \Vftf) + fu]e-^''dV,,^ 

= nV ~ Nx{ci{M)) 

Therefore, by using the monotonicity of \{gt) along the flow {gt]g), we 
obtain (13.11) . 

D 

It was showed in [TZhu4] that a Kahler-Ricci soliton is a local maximizer 
of A(-) in the Kahler class 27rci(M). Together with Corollary II. 5[ one may 
guess that a Kahler-Ricci soliton is a global maximizer of A(-). More general, 
according to Theorem 10.11 , we propose the following conjecture. 

Conjecture 3.3. Suppose that the modified Mabuchi's K-energy is bounded 
from below. Then 

sup Xig') = {2nr^[nV - Nx{c,{M))]. 

Wg,e27rci(M) 

4. Improvement of Lemma 3.2 

In this section, we use Perelman's backward heat flow to improve estimate 
(c) in Lemma [3^2] independent of t. Moreover, we show the gradient estimate 
of ft + ht also holds. Although Lemma 13.21 is sufficient to be applied to 
prove Theorem 0.1 and Theorem 0.2, results of this section are independent 
of interests. We hope that these results will have applications in the future. 

Fix any to > 1- We consider a backward heat equation in t G [tg — 1, to], 

(4.1) ptoit) = -AfM + \VfM\' - ^ht 

with an initial /to(to) = /to- Clearly, the equation preserves the normalizing 
condition -^ j^^'^^^'^^^'^^t ~ ■'-• Moreover, by the maximum principle, we 
have 

(4.2) ||/to(i)l|co<C(^), VtG[to-l,to], 
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since Ahf are uniformly bounded. Here the constant C{g) depends only on 
the initial metric g of (2.1). 

Similarly to (11. 5p . we can compute 

-fW{gt,fto) 

(4.3) "^^ . 

= (2^)-" / (||aa(/^, + ^(t))f + ||aa^(t)f)e-/*oW^^" 

Jm 
By using (14. 3p . we want to prove 

Lemma 4.1. 

(4.4) \\ft + ht-Ct\\L2(M,gt) ^0, ast^oo, 
where Ct = ^ J^^{ft + ht)e^''ul. 

Proof. First by ( 14. Sp . one sees 

K9to) - K9to-i) > W{gt„ft,{to)) - W{gt,-i, Ut^ - 1)) 

> W-^ r [ \A{U,{t) + h,)\'e-^^o(^^u:ldt. 
^^ Jto-i Jm 

It follows 

/"° / \A{ft,{t) + ht)\''ujldt -^ 0, as to^oo. 
Jto-i Jm 

Thus by using the weighted Poincare inequality as in (3.4) in last section , 
we will get 

(4.5) °~^ ^^ 



C{g,)[ r dt I |A(/i„(t) + ht)\'ujlY'^ ^ 0, as to ^ oo, 
Jto-i Jm 



where Q„(t) = ^ j,,{ftM + h,)e^^ujl. 



Next, since ^ = A/i^ + ht — at, where at = y jj^j hte'^'^Ug^, by a straight- 
forward calculation, we see 



\2, n 



jJjht + ft,-Ct,{t)rU 

[2iht + Ut) - Q„(t))(A^ - \\/ftM" + ht-at-^) 



2 I z, „ '^*'*0 ■ 



M 



dt 



(/^i + /io(0-cto(i))'A/it]a;, 



9t 
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Then by Lemma 3.2, we get 



l|^(/^t + /t„W-Qo)H"l 



< ^ + ^/^^ (|A/Jt)| + |V^(t)r + I^IX 

<c + cl^^ (I vv(/jt) + h,)\^ + I^IX, 

Notice that 

We can also estimate 

Hence we derive 

(4-6) 1;^ / ifto{t) + h,-c,,it)fdv\<C + C [ |VV(^(t) + Mr<- 

Therefore, according to 

r dt f \VV{fuAt) + h,)\'e-f^^^%l 
Jto-i Jm 

< (27r)"(A(^iJ - X{gto-i)) -^ 0, as to ^ oo, 
(14.51) and (14. 6 p will implies 

ll/toW + ht- CtQ{i)\\L^gt,M) -^0' as to -> OO, V t G [to - l,to]. 
Consequently, we get (14.41) . D 

Proposition 4.2. 

(4.7) \\ft + ht\\co + \\V{ft + ht)\\g,^0, ast^oo. 



Proof. With the help of Lemma 14. ![ by using same argument in the proof 
of (c) in Lemma 3.2, we can prove that 

(4.8) \\ft + ht\\c" ^0, ast^cx). 
So we suffice to prove 

(4.9) ||V(/i + /ii)||<;, ^0, ast^oo. 

We will use the Moser's iteration to obtain (14.91 ) as in lemma 7.2 in Ap- 
pendix. We note by (14.81) and Theorem 7.1 that 

(4.10) / \Vqt\'ul = I / -A(/, + h,)ift + h)ul\ < C\\ft + h,\\co ^ 0, 
Jm Jm 
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where qt = ft + ht satisfies an equation 

Agt = ^(1 V/t|2 - 2ft + Aht) + i2nrV~'Xigt) - n. 

Let Wt = |Vgtp. Then by the Bochner formula, we have 
Awt = I VVgtl' + \VVqt\^ + ViAqtV-iQi + VjAqtViqt + Ri^VjqtV jqt. 
Hence for any p > 2, it follows 

4(P-1) [ IV7 P/2|2 n f P-^ /\ n 



P Jm J m 



(4.11) = - / wr\\vvqt\' + ivvg^rx 

J M 



-2Re/ qr'V,AqtVjqtUjl~ q^' RijVjqtV jqtU^. 
Jm Jm 

On the other hand, by Lemma 12.11 and Theorem I7.H we estimate 

- 2Re f wr^V.AqtViWtul 
Jm 

= -Re f wr'ViUVftf - 2/ + Aht)V-,qtul 
Jm 

= -Re [ (|V/,P - 2ft + Aht){^-^^^^wl-\,wfViqt + ^r'Ag,X, 

J M P 

<C{g)[f ^^^w'f\Vwf\u;l+ f wr'\Aqt\]ul 
Jm P Jm 

<^ [ \vw^^r^i + c{gyp [ 

P Jm J\ 



P I ujP ^ul 

' M 



and 



w^ ^ RfjV-iqtV jqtu^^ 

M 



- / w^Lol - [ wl\,V-,htVjqtV,qtul 
Jm Jm 

- / w^ujl + / wr'V-M^l^tV,V,qtul + AqtV,qt)ul 
Jm Jm 



+ ^^^^ / wl'\,wfV-^htVjqtV,qul 
P Jm 

< [ wrWVVqtl' + l-WVqtl'Pl + P^ [ Wwf'l'ul 
Jm ^ P Jm 



+ C{g){p-1) / w^ul- 
' m 



18 GANG TIAN, SHIJIN ZHANG, ZHENLEI ZHANG*, AND XIAOHUA ZHU** 

Then substituting the above two inequahties into (14. lip , we get 

/ \Vwf\'ul<C{g){p-lf [ wr'col, Vp>2. 
Jm Jm 

By using Zhang's Sobolev inequahty [Zha], we deduce 

(4.12) ( / wrY'^'ul < C{g)CM - If I wt^ul, \/p>2, 
Jm Jm 

where u = ^^. To run the iteration we put po = 1 and pk+i = Pk^ + v, 

k > 0. Hence 



\Wt\\L^.+. < {CCs)^p',''^'\\wr^T 






1=0 



< C{n,g)Cl\\wt\\p 

for a constant ^{n) depending only on n, where we have used the fact 
Pk < 2//'^ for k>l. Therefore by (14.101) . we prove 

\\Wt\\co < C{n,g)Cs Hiftll^i —^0, as t — )■ oo. 

D 



5. Another version of the invariance Nx{ujg) 

Let Y G r]r{M) so that Im(y) generates an one-parameter compact sub- 
group of K. Denote /Cy to be a class of Xy-invariant Kahler metrics in 
27rci(M). Then according to the proof of Proposition II. 4[ we actually prove 



(5.1) 


sup Ai 


{gj^^^'K} [nv - tY{i } - i^yKCi[^- 


Note that 




Fy{Y)= [ Y{hg-9Y,^)e'^'-^u^ 
Jm 


and 




Jm 



are both holomorphic invariances of M. In this section, we want to show 
Proposition 5.1. Let H{Y) = Fy{Y) + Ny{ci{M)). Then 

sup H{Y) = Nx{ci{M)), 

Yerir{M) 

where X is the extremal vector field as in Section 1. 
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Proof. Choose a constant cy so that OY,ujg = (^Y,ujg + cy satisfies a normaUza- 
tion condition 

(5.2) / ^y,.,e'*«a;; = 0. 

Jm 

Then 9Y,ujg satisfies an equation 

Thus using the integration by part, we have 



Fy{Y) + / ey^^ge'^^-^u"^ = 
Jm 



It follows 



(5.3) H{Y) = -cyV = [ 

Jh 



Y,uge •'Ug. 

M 



We compute the first variation of H(Y) in r]j.{M). By the definition of 
0Y+tY', we see that there exist constants b{t) such that Oy^tyr = 9y + t9yi + 
h{t). Since Jj^e^Y+tVcj^ = y, we have 



^ Jm 



Thus we get 



(5.4) 



dHiJ + tY') 



|t=o 



I Qye^^u^- f ey,e'^^u]; = Fy(Y'). 
Jm Jm 



Therefore, by [TZhu2], we see that there exists a unique critical X G rir{M) 
oi H{-) such that 

(5.5) Fx{Y') = Fx{Y') = 0, V F' G r]r{M). 

Similarly, we have 

OtY+il~t)Y' = tOy + (1 - t)9y> + 6(t)', V t G [0, l] 

for some constants b{ty. Then 

Jpi Jm 

< e'(*)'[t / e'^u^ + {l-t) [ e'^'io^] 
Jm Jm 

= e^WV. 
Thus b(ty > 0. Consequently 

H{tX + (1 - t)r) > tH{X) + (1 - t)//(F). 
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This means that H{-) is a concave functional on rir{M). It follows that X 
is a global maximizer of H{). Therefore we prove the proposition by using 
the fact H{X) = Nxici{M)). 

D 

Corollary 5.2. LeHCx be a class of K -invariant Kdhler metrics in2TTCi{M). 
Suppose that 

.5 Q^ sup X{g) < inf {27v)-^[nV - Fy{Y) - Ny{c^{M))]. 

Then (M, J) could not admit any Kdhler-Ricci soliton. Furthermore, the 
modified Mabuchi's K-energy could not be bounded from below. 

Proof. The first part of corollary follows from Proposition 15 . 1 1 and Corollary 
11.51 The second part follows from Proposition 15.11 and Theorem 10.11 

D 

The above corollary gives a new obstruction to the existence of Kahler- 
Ricci solitons. 

6. Proof of Theorem 10.21 

In this section, we will modify the proof of Main Theorem in [TZhu5] 
to prove Theorem 10.21 The proof in [TZhu5] depends on a generalized 
uniqueness theorem for Kahler-Einsteins recently proved by Chen and Sun 
in [CS]. Here we avoid to use their theorem so that we can generalize the 
proof to the case of Kahler-Ricci solitons by applying Proposition 13.11 As 
in [TZhu5], we write an initial Kahler form Ug of Kahler-Ricci flow (2.1) by 

ujg = u^ = Ugj^g + y/^ddcp G 2nci{M) 

for a Kahler potential (p on M. We define a path of Kahler forms 

and set 
/ = {s G [0, 1]| {qI; g^) converges to a Kahler-Ricci soliton in C°° 
in sense of Kahler potentials}. 

Clearly, / is not empty by the assumption of existence of Kahler-Ricci soli- 
tons on M. We want to show that / is in fact both open and closed. Then 
it follows that / = [0, 1]. This will finish the proof Theorem 10.21 

The openness of I is related to the following stability theorem of Kahler- 
Ricc flow, which was proved in [Zhu2]. 
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Lemma 6.1. Let (M, J) be a compact Kdhler manifold which adm,its a 
Kdhler-Ricci soliton {gxsi ^) ■ Let ip be a Kdhler potential of a Kx -invariant 
initial metric g of (2.1). Then there exists a small e such that if 

the solution g{t, ■) of (2. 1) will converge to a Kdhler-Ricci soliton with respect 
to X in C°° in the sense of Kdhler potentials. Moreover, the convergence 
can be made exponentially. 

Remark 6.2. Lemma \6. 1\ is still true if the Kx-invariant condition is re- 
moved for the initial metric g (cf. [Zhu2]). But we do not know whether the 
convergence is exponentially fast or not. 

Proof of openness of L . Suppose that sq G /. Then by the uniqueness of 
Kahler-Ricci sohtons [TZhul], the flow [gl^-.ujs^^) converges to gxs after 
a holomorphism transformation in Autj.(M). Namely, there exists a cr G 
Autr(M) such that a^u^^o = ojks + V—^dd{.^T)(T with property 

where Ck,Cik > are two uniform constants. Then we can choose T suffi- 
ciently large such that 

S_ 

2' 

where 5 is a small number determined in Lemma [GTTl Since the Kahler-Ricci 
flow is stable for any flxed flnite time, there is a small e > such that 

IIV^T - iVT)Ac^M) < 2' '^ -^ ^ t^O' -^0 + ^]' 

where Lp^ is a Kahler potential of evolved Kahler metric g^ of Kahler-Ricci 

flow {g^; o'*uJs) at time T. Hence, we have 

(6.1) ||<^Tilc3(M) < (5, V s G [sq, So + e]. 

Then the flow {gt; g^) with initial g'^ will converge to a Kahler-Ricci soliton 
in C°° according to Lemma 16.11 This shows s G / for any s G [sq , Sq + e] 

D 

Let tpf be a family of Kahler potentials of evolved Kahler metric gf of 
Kahler-Ricci flow {gf]Us)- To make potentials (ff more smaller to control, 
we need the following lemma, which was proved in [TZhul]. 

Lemma 6.3. Let M be a compact Kdhler manifold which admits a Kdhler- 
Ricci soliton {gxsiX). Let ip be a Kx-invariant Kdhler potential. Then 
there exists a unique holomorphism transformation o G Aut^iM^ such that 
ifa G K-^{ujks) with property 

J{iPa)= inf J((^^), 

T&Autr(M) 



\\{V?)A\CHM) < 



22 GANG TIAN, SHIJIN ZHANG, ZHENLEI ZHANG*, AND XIAOHUA ZHU** 

where K-^{uks) is an orthogonal space to kernel space of linear operator 
{Ag^g + X + Id){'ilj) and 

J{^) = - f ^e^^'-^u"^ + [ [ V^e^'^'^'^^v A rfA > 0. 
Jm Jo Jm 

Moreover, 

\\a-Id\\<C{Mc^), 

where \\a — Id\\ denotes the distance norm in Lie group Autr{M) . 

Proof of closedness of I. By the openness of /, we see that there exists a 
To < 1 with [0,Tq) C /. We need to show that Tq G /. In fact we want to 
prove that for any S > there exists a large T such that 

(6.2) \m)aj\c^ < <5, V t > T and s < To, 

where as,t are some holomorphisms in Autr.(M). We will use an argument 
by contradiction as in [TZhu5]. On contrary, we can find a sequence of 
evolved Kahler metrics Qf^ of Kahler-Ricci flows {gp ; g'^^), where Si — )■ tq 
and ti — )■ oo, and a sequence of unique holomorphisms <Jsi,ti G Autr(M) for 
pairs (sj,tj) such that {(l>ti)a-s-.t- ^ ^'^{^ks) and 

(6.3) \m:K,M>So>o, 

for some constant ^o- Since the Kahler-Ricci flow {gp; g^^) converges to some 
Kahler-Ricci soliton, by the uniqueness of Kahler-Ricci solitons [TZhul] , the 
flow after a holomorphism transformation in Autr(M) converges to gxs- So 
we may further assume that <pl'. satisfy 

(6.4) U<f4:KJc^<26o. 

Then there exists a subsequence (0i^')o-s ,t (still used by (0i^Oo-s ,t ) of (0*^ )o-s ,*■ 
converging to a potential 0oo ^ ^'^{^ks) with property 

(6.5) 2<5o> ||0oo||c5 ><^o. 
We want to show that 

(6.6) Xico^^) = XigKs) = (27r)-"(ny - Nxic.iM)). 

First we note that the modified i^-energy is bounded from below since M 
admits a Kahler-Ricci soliton [TZhu2] . Then by Proposition 13.11 and the 
monotonicity of X{gl°), we see that for any e > 0, there exists a large T > 
such that 

XigD > i2n)--{nV - Nx{ci{M)) - 1, V t > T. 

Since Kahler-Ricci flow is stable in finite time and X{gl) is monotonic in t, 
there is a small 5 > such that for any s > tq — 5, we have 

(6.7) X{gt) > (27r)-"(77y - Nx{ci{M)) - e, V t > T. 
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Since Si — )■ Tq and tj — )• cxo, we conclude that 

lim X{al,^gt:) = lim A(^,^;) = (27r)-"(ny - Nx{c,{M)). 

Si— S>TO,ti— >00 Si— >To,ti— >00 

By the continuity of A(-), we will get (16. 6p . 

Now by Corollary 1.4 together with (16. 6p . we see that a;^^ is a global 
maximizer of A(-) in Kx, so it is a critical point of A(-). Then it is easy to 
show that o;,^^ a Kahler-Ricci soliton with respect to X by computing the 
first variation of A(-) as done in (II. 5p . Thus by the uniqueness result for 
Kahler-Ricci solitons in [TZhul], we get 



where a G Aut.r(M). Since 0oo G k {uks), by Lemma [673| 0oo niust be 
zero. This is a contradiction to (16.51) . The contradiction implies that (16.21) 
is true. 

By (16. 2p . we see that for any 5 > there exists a large Tq and ctq ^ 
Autr(M) such that 

(6.8) \\{(^lU\\c^<5. 

Then by Lemma [6TT1 the Kahler-Ricci flow {gt, W( .^o \ ) converge to a Kahler- 
Ricci soliton. Thus, we prove that Tq G /. 

D 

Remark 6.4. According to the proof of Theorem \O.S\ and Remark \6.^ The- 
orem lUTB will be still true if the Kx -invariant condition is removed for the 
initial metric g of (2.1) assuming that Conjecture (3.3) is true. 

7. Appendix 

In [TZhu5], it was proved the minimizer ft of VF(5'i, ■)-functional asso- 
ciated to evolved Kahler metric gt of Kahler-Ricci flow (2.1) is uniformly 
bounded (see also [TZha]). In this appendix, we show that the gradients of 
/( are also uniformly bounded, and so are A/^ by (II. 4p . Namely, we prove 

Theorem 7.1. There is a uniform constant C such that 

\\ft\\ + \\Vft\\ + \\Aft\\<C, Vt>0. 

We will derive ||V/i|| in Theorem 17.11 by studying a general nonlinear 
eUiptic equation as follows: 

(7.1) /\w{x) = w{x)F{x,w{x)) 

where the Laplace operator A is associated to a Kahler metric g in 2nci{M) 
and F is a smooth function on M x M"*", which satisfies a structure condition: 

(7.2) -A-Bt''<F{-,t)<H{t). 
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Here 0<74,_B<oo,0<q;< - are constants, and if is a proper function 
on M+ which satisfies a growth control at 0: 

(7.3) \imsup {tH{t)) < oo. 

t-5-O 

Lemma 7.2. Let w is a positive solution of 1^7. 1\ ). Then 

(7.4) llV^IIco < C{n)c!{\\Vh\\co + |kF||co)"( / (1 + \Vw\^)dVgY^\ 

J M 

where Cs is a Sobelev constant of g and h is a Ricci potential of g. 

Proof. We will use the Moser's iteration to L^-estimate of |Viy|. By the 
Bochner formula, we have 

A|Vt/7p = I VVwp + \VVw\^ + ViAwViW + ViwViAw + RqV^wVjW 

= |VVu;p + |VVu;|^ + Vi{wF)ViW + ViwVi{wF) + RqVjwVjW. 

Put rj = |Viyp + 1 . Then for p > 2, it follows 

4(p-l) f |^^,/.|.^^^ 



P^ Jm 



= - /" riP-^ArjdVg 

(7.5) 7 

= - / rif~WVVw\^ + \VVw\^)dVg- / rif-^RijV-iwVjwdVg 
Jm Jm 

- I ri^-\^i{wF)Wiw + Wi{wF)Wiw)dVg. 
Jm 

The last term on the right hand side can be estimate as follows. 

- / v'"\'^iiwF)ViW + VjiwF)Viw)dVg 
Jm 

= f wF[Vi7]P-^ViW + Vi7]P-^ViW + 2rf-^Aw)dVg 
Jm 

P Jm 



+ 2 / wFri^-^AwdVg. 
'm 
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Then 

J M 

< ^^^7^^ / I V??^/T^K, + 2(p - l)p [ {wFf^-\r^ - l)dVg 
P Jm Jm 

(7.6) + [ r]P-'(^^^^ + 2n{wFf)dVg 
Jm ^n 

^2(^-2)/" |v,^^/TdV; + ^ / r^^-\l^wfdV, 
P Jm 2n Jm 

+ 2[p{p-l)+n]\\wF\\lo [ rfdVg. 

Jm 

For the second term on the right hand side, we note 

Ril = 9ii + hi 



^J ^y ' V 



Then 



Thus 



(7.7) 



- / 7]P~^RijViwVjwdVg 
Jm 

= f rf-^ViV-jhViwVjwdVg- f rfdVg 
Jm J m 

= ^i^Zlll f r]P/^-^V-jhVirf'^ViwVjWdVg 
P Jm 

+ / r]^~^V-jh{/\wVjW + ViwViVjw)dVg- f r]PdVg. 
Jm Jm 

- / r]P-^RfjViwVjwdVg 
Jm 

<^ [ \Vv'^rdVg+pip-l)\\Vh\\l, [ v^-\rj-irdVg 
P Jm Jm 

p / ri^^-\AwfdVg + ^\\Vh\\lo [ v''^\v-l)dVg 
'n Jm ^ Jm 

^ / rr-\VVw\^dVg^'^\\Vh\l, [ v'-\v-l)dVg 
'n Jm ^ Jm 

^ ^ / \^i''^?dVg^^ [ ll^-\/\wfdVg 

r Jm 2n Jm 

+ ^ I v'"^\^^w\^dVg + [p{p-l)+n]\\Wh\\lo I rfdVg. 

2tI J J M 



2n 

1 

2n 
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Substituting (17. 6p and (17. 7p into (17. Sp . we get 



P"^ Jm ^ 



<- f riP-WVVw\^ + \VVw\^)dVg 
Jm 

+ - f ri'P-\AwydVg + ^ f rif-'\VVw\^dV, 
IT- Jm ^^ Jm 

+ [2ip-l)p + n]{\\Vh\\lo + \\wF\\lo) [ v'dV, 
<C{n)pW\Vh\\l, + \\wF\\y;) f riPdVg. 



9 
M 



' M 

It follows 

/ \Vri^'^\''dVg<C{n)p^{\\Vh\\l, + \\wF\\l,) [ r,MVg, V p > 2. 
Jm Jm 

Therefore, by iteration, we derive 

sup?7 < C(n)D"/2( f rfdVgy^, 
Jm 

where D = Cs{\\Vh\\l^ + ||«;F||^o). This implies ([731) ■ ^ 

Proposition 7.3. 

(7.8) WwWco < C{\\w\\l2), 

where the constant C depends only on n, C^, A, B, a, H , Vol{g), || V/i||co and 
\\w\\l2- 

Proof. First we note that by using the standard Moser's iteration to equation 

Aw{x) >-A- Bw°, 

it is easy to see 

sup 10 < C(l + 111011^2) 

for some constants C and 7 which depend only on n,Cs,A,B,a,H and 
Vol(g). On the other hand, by (17.11) . we have 

|V«;PdK = - / wAwdVa = - I wFdV,. 



g- 
m Jm Jm 

Then we see that ||Vw||l2 is bounded by ||w||l2. Thus the proposition 
follows from Lemma [7.21 

D 



SUPREMUM OF PERELMAN'S ENTROPY AND KAHLER-RICCI FLOW ON A FANO MANIFOI23 

Since Vt = e~^ satisfies (13.101) which is a type of equation (17. ip . then 
by Perelman's estimates (d) in Lemma 12.11 and Zhang's estimate for So- 
belev constants associated to gt in [Zha] together with C°-estimate for ft 
in [TZhu5], we obtain a uniform gradient estimate for Vt from Proposition 
17.31 and so for ft . By equation (11.41) . we also derive a a uniform Laplacian 
estimate for /(. Thus Theorem 17.11 is true. Theorem 17.11 will be used in 
Section 4. 
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